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BIRATIONAL GEOMETRY OF CALABI-YAU PAIRS

Joint with Alessio Corti and Alex Massarenti

(We always work over C)



MOTIVATION: AUTOMORPHISMS OF SMOOTH HYPERSURFACES

X = X4 C P"*1 smooth hypersurface of degree d

THEOREM (MATSUMURA-MONSKY 1964)
If (n,d) # (1,3),(2,4), then

Aut(P"1 X) — Aut(X).

o C =Xz CP? genus 1 curve (Aut(C)=C xZ/dZ)

o S= X4 CP3 K3 surface (Aut(S) discrete and possibly infinite)

In both cases, the image of Aut(P""1 X) — Aut(X) is finite.



C = X3 C P? genus 1 curve

THEOREM

o Every automorphism of C is induced by a Cremona transformation of
the ambient P?.

1 — Ine(P?,C) — Dec(P? C) — Aut(C) — 1

o (Pan 2007) Generators for decomposition group Dec(IP?, C)

o (Blanc 2008) Generators for inertia group Ine(P?, C)




S =X, cP? K3 surface

QUESTION (GIZATULLIN)

Is every automorphism of S induced by a Cremona transformation of the
ambient space P37

ExaMPLES (OGuiso 2012)
e Aut(S) = Z, and no nontrivial automorphism of S is induced by a
Cremona transformation of P3.
o Aut(S) = (Z/2Z) « (Z/2Z) « (Z/2Z), and every automorphism of S is
induced by a Cremona transformation of P3.

ExAMPLE (PAIVA-QUEDO 2022)

Aut(S) = (Z/27Z) % (Z/27Z), and no nontrivial automorphism of S is
induced by a Cremona transformation of 3.




S =X, cP? K3 surface

PROBLEM
To describe the decomposition group of S C P3

Dec(P?,S) = {go € Bir(P?) | 0.5 = 5}

and its image in Aut(S)

(P3,S) is a Calabi-Yau pair



CALABI-YAU PAIRS

DEFINITION (CALABI-YAU PAIR (X, D))
e X terminal projective variety
e D is a hypersurface ~ —Kx
e (X,D) is log canonical

EXAMPLE
(P". D) where D C P" is a smooth hypersurface of degree n -+ 1




CALABI-YAU PAIRS

DEFINITION (CALABI-YAU PAIR (X, D))
e X terminal projective variety
e D is a hypersurface ~ —Kx
e (X, D) is log canonical

REMARK
(X, D) Calabi-Yau pair ~ 3 wp (unique up to scaling)

diviwp) = — D




CALABI-YAU PAIRS

DEFINITION (CALABI-YAU PAIR (X, D))
e X terminal projective variety
e D is a hypersurface ~ —Kx  ( D = —div(wp) )
e (X,D) is log canonical

DEFINITION (VOLUME PRESERVING MAP (X, Dx) --» (Y,Dy))
f: X --» Y birational map ~ f,: Q&X)/C — Qé’:(y)/c

If f.wp, = wp, (up to scaling) then we say that

f: (X,Dx) --» (Y,Dy) is volume preserving




CALABI-YAU PAIRS

REMARK (VALUATIVE INTERPRETATION)

VE C W, a(E,Kx+Dx)=a(E,Ky+Dy)

EXAMPLE

If D C IP" is a smooth hypersurface of degree n+ 1, and f: X — P"is a
volume preserving blowup along a smooth center Z, then

ZCD and codimps(Z)=2.




PROBLEM
Given a Calabi-Yau pair (X, D), to determine

Bir(X,D) = {gp € Bir(X) | ¢ : (X,D) --» (X, D) is volume preserving )

EXAMPLE
D = D, Cc P? smooth K3 surface

Dec(P3, D) = {@EBlr ) | @D = D} — Bir(P3, D)




REMARK
If (X, D) is a Calabi-Yau pair with canonical singularities, then

Dec(X,D) = {¢ €Bir(X) | ¢.D =D} = Bir(X,D)

EXAMPLE (CANONICITY IS NECESSARY)

(X,D) = (Pz,iH;) (WD:%/\gyx>

i=0

P2 B2




REMARK
If (X, D) is a Calabi-Yau pair with canonical singularities, then

Dec(X,D) = {¢ €Bir(X) | ¢.D =D} = Bir(X,D)

THEOREM (BLANC 2013)

Bir <P2,iHi> _ < (C*)?, SL(2,7Z) , (x,y) — (y, 1 —H’)>
i=0 )

preserve the torus (C*)?

(i 3) C (x,y) = (X7, xy9)



PROBLEM
Given a Calabi-Yau pair (X, D), to determine Bir(X, D).

THEOREM A
If (X, D) is terminal with Pic(X) = Z - H and Pic(D) = Z- (Hp) , then

Bir(X,D) = Aut(X,D).

COROLLARY
If D C P" is a general hypersurface of degree n+ 1 (n > 3), then

Bir(P",D) = Aut(P",D).




THEOREM B

If D  P° is a general quartic surface with one singular point, then
Bir(P3,D) = G x Z/27Z

G is a form of G, over C(x, y)

XGAo(x1, %2, x3) + x0B3(x1, x2, x3) + Ca(x1, %2, x3) = 0

G= {[(AG — BF)xg — CF : A(Fxo + G)x1 : A(Fxo + G)xa : A(Fxo + G)X3}

F,G € C[x1, %2, x3] homogeneous with deg(G) = deg(F) + 1 }



D C P3 general quartic hypersurface with one singular point P

XgAQ(Xl,XQ,X3) + XoB3(X1,X2,X3) + C4(X1,X2,X3) =0

D c p3

DcX

B’P/ \P’l—bundle
iy , IP)2

Bir(P3, D) — Bir(D) = Aut(D) =

EXAMPLE

p—"——5H
\ k/(2:1)
H))2

(ry = Z/2Z

o (x0:x1:x:x3) = (—Axo— B:Ax1 : Axa: Axz) ~ T

1 - G — Bir(P% D)

N\

2 7)27 = 1




D C P2 general quartic hypersurface with 1 singular point P

N

1 - G — Bir(P®,D) & 7/22 — 1

Key point: Given ¢ € Bir(P3, D) there is a commutative diagram:

AN
p3 P2 p2 P3.

G is the group of birational self-maps of X over P? fixing D pointwise
View X as a model of P! over C(x, y)
G is a form of G, over C(x, y)



THE CREMONA GROUP
Bir(P") := {¢:P" —=— P" birational self-map }
EXAMPLE (THE STANDARD QUADRATIC TRANSFORMATION )

T P? - P2
(x:y:2) +— 1) = (yz:xz: xy)

Xl
<|m

THEOREM (NOETHER-CASTELNUOVO 1870-1901)

Bir(P?) = ( Aut(P?), 7)

THEOREM (HIiLDA HUDSON 1927)

For n > 3, Bir(P") cannot be generated by elements of bounded degree.




THE SARKISOV PROGRAM (CORTI 1995,
HAcoN-MCKERNAN 2013)



THE SARKISOV PROGRAM (CORTI 1995,
HAcoN-MCKERNAN 2013)

IR
P = X /-/%lﬂ Xp -2 5 X, -1/-;; Xic =
| | l l
pt Y Yi-1 pt

The X; — Y;'s are Mori fiber spaces

@ X; has terminal singularities
o p(Xi/Yi) =1

e —Ky; is relatively ample

The 1);'s are elementary links



THE SURFACE CASE

The Mori fiber spaces are:

o P2 — pt
o F, —» P!

(Fg = P! x P!

(P1-bundle)

and Fl = B/;DIP>2 )

The elementary links are

Type 1
P2 ——F

J Blp

pt P!

Fpm

l

IP)l

Type 2
V4

7N

Fm+1

l




ELEMENTARY LINKS IN HIGHER DIMENSIONS

Higher dimensions
®
Surfaces 7 - X!
2 A
]Pl W Iil )f / g
pt —— pl S




ELEMENTARY LINKS IN HIGHER DIMENSIONS

J

]P)l

F /Z\IE‘

Surfaces

m+1l

|

]P>1

Higher dimensions

zZ--7




VOLUME PRESERVING SARKISOV PROGRAM

THEOREM (CORTI-KALOGHIROS 2016)

A volume preserving birational map between Mori fibered Calabi-Yau pairs
is a composition of volume preserving Sarkisov links .

'’ " " i
(XO,DO)---1->(X1,D1)---2-* -k-*l(Xk 1, Di— 1)-->(Xk,Dk)

| l | J



VOLUME PRESERVING SARKISOV PROGRAM

THEOREM (CORTI-KALOGHIROS 2016)

A volume preserving birational map between Mori fibered Calabi-Yau pairs
is a composition of volume preserving Sarkisov links .

Type 1 Type 1

Z"')X/ (Z7DZ)___’(X/7D/)

/] — l

s/ (X, D) s’

L




THEOREM A
If n> 3 and D is a general hypersurface of degree n+ 1, then

Bir(P",D) = Aut(P",D).

( Dissmooth and Pic(D)=Z- (Hp) )




THEOREM A
If n> 3 and D is a general hypersurface of degree n+ 1, then

Bir(P",D) = Aut(P",D).

( Dissmooth and Pic(D)=Z- (Hp) )

X1 has worst than terminal singularities




THEOREM B
If D C P3 is a general quartic hypersurface with 1 singular point P, then

Bir(P*, D) = G x Z/27,

where G is a form of G, over C(x, y).
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THEOREM B
If D C P3 is a general quartic hypersurface with 1 singular point P, then

Bir(P*, D) = G x Z/27,

where G is a form of G, over C(x, y).




THEOREM B
If D C P3 is a general quartic hypersurface with 1 singular point P, then

Bir(P,D) =~ G x Z/2Z,

where G is a form of G, over C(x, y).




DEFINITION (PLIABILITY)

(X, D) Mori fibered Calabi-Yau pair

v




DEFINITION (PLIABILITY)
(X, D) Mori fibered Calabi-Yau pair

P(X,D) = {(x’, D') Mf CY pair | 3 (X, D) “LPE=Me, (x/ pry } / ~

v

THEOREM C
If D C P3 general quartic hypersurface with one A2 singularity P, then
we determine the pliability of (P3, D):
o (P3,D)
(BI,P3, D) — P?
(P(1%2), Ds)
(P(1%.2). D))
3-parameter family (X, D3 4), with Xy C P(13,22)
6-parameter family (Xa, D24), with X4 C P(1%,2)




Thank you!



